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1. Using 3-digit floating-point arithmetic, apply the classical Gram-Schmidt algorithm to the set

1 I 1
G = 103 , Xo= 1073 ., Xz = 0
10~ 0 10-3

show that the resulted vectors are not orthogonal. Explain why? Use the modified Gram-Schmidt
algorithm to obtain a set of orthogonal vectors.

Modified Gram—Schmidt Algorithm

For a linearly independent set {X1.Xs,...,%Xn,} € €™*!, the Gram-
Schmidt sequence can be alternately described as

Ef; R EEE;K,;:

- withE; =1 E,=1-u,ju’_, for¢> 1,
e o et e S

. —

and this sequence is generated by the following algorithm.

For k=1 wex;/llxaff and wu;x; for j=2,3,....n

For k>1: wj—Epyuy=u;— (uf_ju;}ue.s for j=4k k+1,...,n
wye — e/ JJugl]
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2. Show that the sets

1 /2
{ }LJ{ —cosnt|nEN}
T T
{U Esiu-ﬁzt‘ | n e N}
T

are both complete orthonormal sets in L2(0, 7).

and

3. (Hermite Polynomials) Consider the Hilbert space

H = {f .R—R| / e |f(2)]? dz < x}
with the inner-product

1 R r)g(x) dx
(fgg)—ﬁ/_mﬁ f(z)g(z) dz.

(a) Show that f,(x) = ™ belongs to H for every n € {0} UN.
(b) Apply the Gram-Schmidt process to the linearly independent set { f,,} to
obtain an orthonormal set h,,. Define

H.(x) = v2*nlh,(x).
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These are the Hermite polynomials. Compute Hy and H;.
(¢) Prove Rodrigues’ Formula:
H,(z) = (=1)"* & e ¥,

dl‘“

4. Let f, g € L?*(—m,m) and let their Fourier series be given by

f o~ 245> (a,cosnt+ b,sinnt)
g ~ 2+ (chcosnt+d,sinnt).

Show that
apCp

1 (" =
= [ a0 at = 25243 (ancn + bude)

n=1

5. Compute the Fourler series of the function:

flt) = {—1 —mr<t<0

L. et

6. Compute the Fourier cosine series of the function f(t) =sint on [0, 7].

7. (a) Compute the Fourier sine series and the Fourier cosine series of the
function f(t) =t on [0, 7].
(b) Evaluate:
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8. Compute the Fourier series of the function f(t) =t on [—m, 7| and use
it to compute the Fourier series for the function f(t) = #*>. Deduce that

O T
479 16 T

9. (a) Show that the function f(t) = —log|2sin| is in L' (—m, 7).
(b) For t # 2k, k € Z, show that

S . cosnt
—log|2&.1n§_ = Z ;

n=1 »
(¢) Deduce that
g =Lk 2 _ Jog?
TR T TR
(d) Show that
o = - _jcosnt
—log|Qcobg| = ;(—1) o
(e) For 0 < t < m, show that
i CDE Qk at 1 = —l log ta,nE
2k+1 2772

k=0
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